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In this paper, we study theoretically a hybrid optomechanical system consisting of a degenerate
optical parametric amplifier inside a driven optical cavity with a moving end mirror which is modeled
as a stiffening Duffing-like anharmonic quantum mechanical oscillator. By providing analytical
expressions for the critical values of the system parameters corresponding to the emergence of
the multistability behavior in the steady-state response of the system, we show that the stiffening
mechanical Duffing anharmonicity reduces the width of the multistability region while the optical
parametric nonlinearity can be exploited to drive the system toward the multistability region. We
also show that for appropriate values of the mechanical anharmonicity strength the steady-state
mechanical squeezing and the ground-state cooling of the mechanical resonator can be achieved.
Moreover, we find that the presence of the nonlinear gain medium can lead to the improvement of
the mechanical anharmonicity-induced cooling of the mechanical motion, as well as to the mechanical
squeezing beyond the standard quantum limit of 3 dB.
Keywords: nonlinear cavity optomechanics, Duffing anharmonicity, optical parametric amplifier, multista-
bility, mechanical motion cooling, mechanical squeezing
I. INTRODUCTION
In recent years, cavity optomechanical systems in
which the radiation pressure force induces a coupling be-
tween the radiation field of a high-finesse cavity and the
mechanical motion of a movable mirror have attracted
much research attention [1–7]. The growing interest in
such systems is associated with their applications in a
wide range of research topics including the generation
of optomechanical entanglement [8–10], the ground-state
cooling of the mechanical mode [11–14], detection and in-
terferometry of gravitational waves [15], position or force
sensing [16–19], optomechanically induced transparency
realization [20], coherent state transfer between cavity
and mechanical modes [21], and generation of nonclassi-
cal states of the mechanical and optical modes [22–24].
Most of these applications are based on the intrinsic non-
linear nature of the radiation pressure interaction. This
nonlinearity is due to the fact that in a typical cavity op-
tomechanical system the position of the mechanical os-
cillator modulates the resonance frequency of the cavity
mode. In other words, the optical length of the cavity de-
pends on the intensity of the intracavity field, and conse-
quently the optomechanical cavity behaves effectively as
a rigid cavity filled with a nonlinear Kerr medium [25, 26].
The intrinsic optomechanical nonlinearity can be identi-
fied by the optomechanically induced transparency [27].
In addition to the inherent nonlinearity, the cavity
optomechanical systems can contain two types of non-
linearity, one of which is associated to the cavity field
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and the other one to the mechanical oscillator. In re-
cent years, there has been a growing interest in non-
linear optomechanical cavity systems in which the non-
linearity is mainly contributed by nonlinear media such
as the optical Kerr medium [28], the optical paramet-
ric amplifier (OPA) [29, 30], or a combination of both
of these nonlinear media (Kerr-down conversion nonlin-
earity) [31–33]. In fact, the idea of combining nonlinear
optics and optomechanics, with the aim of enhancement
of quantum effects, has resulted in some interesting phys-
ical phenomena. It has been shown [28] that a Kerr non-
linear medium inside an optomechanical cavity inhibits
the normal-mode splitting due to the photon blockade
mechanism, reduces the photon number fluctuation, and
provides a coherently controlled dynamics for the moving
mirror, which further could be useful in the realization
of tuneable quantum-mechanical devices in the future.
On the other hand, when an optomechanical cavity con-
tains an OPA the cooling of the mechanical motion and
the normal-mode splitting can be considerably improved
due to the significant enhancement of the optomechanical
coupling strength [29, 30]. It has also been demonstrated
[34] that the squeezing of the cavity field generated by
an OPA placed inside an optomechanical cavity can be
transferred to the movable mirror with high efficiency in
the resolved sideband limit. Moreover, it has been shown
that the OPA can give rise to the improvement of the
entanglement between one cavity mode and one mechan-
ical mode [35], between two cavity modes which jointly
interact with a mechanical resonator [36], between two
mechanical modes of two coupled optomechanical cavi-
ties [37], and between multi-cavity and multi-mechanical
modes [38]. In addition, the manipulation of the op-
tomechanically induced transparency behavior and co-
herent control of the entanglement between the vibra-
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2tional modes of the micromirros in an optomechanical
cavity made by two movable mirrors which contain a
Kerr-down-conversion nonlinear crystal have been stud-
ied in Ref. [31] and Ref. [33], respectively.
In all of the above-mentioned investigations the me-
chanical resonator has been treated as a pure quantum
harmonic oscillator. It is important to mention that the
dynamics of a purely harmonic mechanical mode is anal-
ogous to its classical counterpart, in the sense that the
expectation values of the canonical observables obey the
classical equations of motion [39]. Therefore, in order
to detect the quantum behavior of the mechanical mode,
introducing an additional nonlinearity (or anharmonic-
ity) may be useful. For micro- and nano-mechanical res-
onators in the sub-gigahertz range, the intrinsic (geomet-
rical) nonlinearity is usually very weak with nonlinear
amplitude smaller than 10−15ωm (ωm being the mechan-
ical frequency) [40], and thus its contribution is relevant
only in the regime of large oscillation amplitudes. Sev-
eral schemes have been proposed to generate strong me-
chanical anharmonicity in the quantum regime. For ex-
ample, in Ref. [41] the authors have proposed a scheme
based on subjecting a namomechanical resonator to in-
homogeneous external electrostatic fields. This proce-
dure can effectively reduce the resonator’s stiffness, and
consequently its resonance frequencies, which in turn en-
hances the amplitude of the oscillator’s zero-point mo-
tion, leading to an amplification of its nonlinearity per
phonon. The geometrical nonlinearities can be either
stiffening (with positive parameter of nonlinearity) or
softening (with negative parameter of nonlinearity). For
some nanodevices, such as cantilever nanobeam, both
softening and stiffening nonlinearities have been experi-
mentally observed [42, 43]. Stiffening geometrical nonlin-
earity has been used for quantum control and quantum
information processing [41, 44] as well as for generat-
ing steady-state mechanical squeezing in optomechanical
systems [45], whereas it has been shown [46, 47] that
softening nonlinearity can be a limiting factor for me-
chanical cooling and squeezing. It has been found [48]
that geometrical nonlinearity can be exploited to gener-
ate robust steady-state optomechanical entanglement. In
Ref. [49] the authors have proposed a method to engineer
giant nonlinearities in a mesoscopic quantum resonator
by using a simple auxiliary system perturbatively cou-
pled to the resonator. Inspired by this method, a theo-
retical scheme [45] has been presented to generate strong
steady-state mechanical squeezing in an optomechanical
system via cavity cooling and a quartic nonlinearity in
the displacement of the mechanical oscillator (known as
the Duffing nonlinearity [50]) which is achieved by cou-
pling the mechanical oscillator to an auxiliary highly non-
linear system, such as an external electrode or a qubit.
The generation of steady-state mechanical squeezing via
engineering the Duffing nonlinerity in a double-cavity op-
tomechanical system [51] or by engineering a cubic me-
chanical nonlinearity in a hybrid atom-optomechanical
system [52] has also been theoretically studied.
Motivated by the above-mentioned interesting features
of nonlinear optomechanical cavity systems, in this paper
we aim to study an optomechanical cavity which contains
both mechanical and optical nonlinearities, i.e., a driven
hybrid optomechanical cavity with a Duffing-like movable
mirror that contains a degenerate OPA. By investigating
the roles of the Duffing anharmonicity and the gain non-
linearity in the emergence of multistability behavior of
the system, we show that the stiffening Duffing anhar-
monicity greatly affects the width of the multistability
region, though the OPA manifests its role in driving the
system toward multistability region. In addition, it is
shown that whereas the mechanical anharmonicity sup-
presses the amplitude of mechanical oscillations, it has
no significant effect on the intracavity intensity. We also
explore the effect of the Duffing anharmonicity on the
ground-state cooling of the mechanical motion as well as
on the mechanical quadrature squeezing. We find that in
the absence of the nonlinear gain medium the mechani-
cal mode can be cooled down if the Duffing anharmonic-
ity is not so strong, while strong mechanical squeezing
can be achieved as the mechanical nonlinearity becomes
stronger. On the other hand, the results reveal that in the
presence of the nonlinear gain medium the mechanical
anharmonicity-induced cooling of the mechanical motion
as well as the mechanical squeezing can be enhanced.
The paper is structured as follows. In Sec. II, we de-
scribe the physical model of the system under considera-
tion, give the quantum Langevin equations, and analyze
the stability of the mean-field solutions as well as the
dynamics of quantum fluctuations. In Sec. III, we inves-
tigate the effects of both the mechanical anharmonicity
and the gain nonlinearity on the ground- state cooling
and quadrature squeezing of the mechanical oscillator.
We summarize our conclusions in Sec. IV. In addition, we
derive the critical values of the system parameters cor-
responding to the emergence of the multistable behavior
in the Appendix.
II. THEORETICAL DESCRIPTION OF THE
SYSTEM
As depicted in Fig. 1, we consider a nonlinear optome-
chanical cavity composed of a degenerate OPA placed in-
side a single-mode Fabry-Perot cavity formed by a fixed
partially transmitting mirror and one movable perfectly
reflecting mirror in equilibrium with its environement at
a low temperature. The movable mirror is free to move
along the cavity axis and is treated as a Duffing-like
quantum mechanical oscillator with effective mass m, fre-
quency ωm, energy decay rate γm =
ωm
Qm
(Qm being the
mechanical quality factor), and Duffing nonlinearity pa-
rameter λ. The cavity field is coherently driven by an
input monochromatic laser field with frequency ωL and
amplitude |ε| =
√
2κcPin
h¯ωL
through the fixed mirror (Pin
is the input laser power and κc is the cavity decay rate).
3In addition, the system is pumped by a coupling field to
produce parametric oscillation in the cavity. We restrict
the model under consideration to the case of single-cavity
and mechanical modes. The single mode description for
both cavity field and mirror motion is valid whenever
scattering of photons from the driven mode into other
cavity modes is negligible [53], and if the detection band-
width is chosen such that it includes only a single, iso-
lated, mechanical resonance and mode-mode coupling is
negligible [54].
Duffing- like  
movable mirror
FIG. 1. Schematic illustration of a hybrid optomechanical sys-
tem consisting of a Fabry-Perot cavity with one fixed mirror
and one movable mirror modeled as a nonlinear Duffing-like
oscillator. The cavity mode is coherently driven by an input
laser through the fixed mirror. A degenerate OPA is placed
inside the cavity that is pumped by a coupling field to produce
parametric amplification.
The total Hamiltonian of the system in a frame rotat-
ing at the laser frequency ωL is given by
Hˆ = h¯∆ aˆ†aˆ+ h¯ωmbˆ†bˆ+ h¯
λ
2
(bˆ+ bˆ†)4 − h¯gaˆ†aˆ(bˆ+ bˆ†)
+ ih¯G0 (aˆ
†2 eiθ − aˆ2 e−iθ) + ih¯(εaˆ† − ε∗aˆ), (1)
where ∆ = ωc − ωL is the cavity detuning from the
frequency of the driving laser. In the above Hamilton-
ain, the first term denotes the cavity mode energy (de-
scribed by the photon creation and annihilation operators
aˆ† and aˆ), and the second and third terms account for
the Hamiltonian of the nonlinear mechanical mode (de-
scribed by the phonon creation and annihilation opera-
tors bˆ† and bˆ ) with Duffing nonlinearity (anharmonicity)
strength λ > 0. As mentioned in the Introduction, the
intrinsic anharmonicity of the sub-gigahertz micro- and
nano-mechanical resonators is usually very weak in the
regime of very small oscillation amplitudes. However,
one can obtain a strong nonlinearity through coupling
the mechanical mode to an ancilla system, e.g., an ex-
ternal qubit [49]. The fourth term in the Hamiltonian
of Eq. (1) describes the optomechanical interaction be-
tween the cavity field and the mechanical oscillator via
the radiation pressure force with single-photon coupling
strength g = ωcL
√
h¯
2mωm
(L being the cavity length in
mechanical equilibrium). The fifth term corresponds to
the coupling of the intracavity field with the OPA; G0
is the nonlinear gain which is proportional to the pump
power driving the OPA, and θ is the phase of the field
which drives the OPA. Finally, the last term describes the
coupling between the cavity mode and the input laser.
The dynamics of the optomechanical system is fully
characterized by the quantum Langevin equations ob-
tained by adding the corresponding damping and input
noise terms to the Heisenberg equations associated with
the Hamiltonian of Eq. (1),
˙ˆa = −i∆aˆ+ igaˆ(bˆ+ bˆ†) + 2G0eiθaˆ†
− κc aˆ+ ε+
√
2κc aˆin, (2a)
˙ˆ
b = −iωmbˆ− 2iλ(bˆ+ bˆ†)3 + igaˆ†aˆ
− γm bˆ+
√
2γm bˆin, (2b)
where the cavity input noise aˆin and the input thermal
noise of the mechanical oscillator bˆin, with zero mean val-
ues, satisfy the commutation relation [aˆin(t), aˆ
†
in(t
′)] =
[bˆin(t), bˆ
†
in(t
′)] = δ(t − t′). The input noise operator
aˆin satisfies the Markovian correlation functions, i.e.,
〈aˆin(t)aˆ†in(t′)〉 = (1 + n¯ph)δ(t − t′), 〈aˆ†in(t)aˆin(t′)〉 =
n¯phδ(t − t′), 〈aˆ†in(t)aˆ†in(t′)〉 = 〈aˆin(t)aˆin(t′)〉 = 0 with
the average thermal photon number n¯ph which is nearly
zero at optical frequencies [55]. In addition, in the limit
of high mechanical quality factor (Qm  1) the mirror
Brownian thermal noise bˆin can be faithfully considered
as a Markovian noise [56] whose nonvanishing correlation
functions are given by
〈bˆin(t) bˆ†in(t′)〉 = (1 + n¯m)δ(t− t′),
〈bˆ†in(t)bˆin(t′)〉 = n¯m δ(t− t′), (3)
where n¯m = [exp(h¯ωm/kBT )− 1]−1 is the mean number
of thermal phonons in the absence of the optomechanical
coupling with kB and T being the Boltzmann constant
and the temperature of the mechanical bath, respectively.
Analyzing the quantum dynamics of the full nonlin-
ear system described by the coupled nonlinear operator
equations of motion (2) is a hard task. In order to solve
analytically these equations, one can adopt the stan-
dard linearization procedure [6] in which both the cav-
ity and mechanical modes are split into a steady-state
mean value and a zero-mean quantum fluctuation, i.e.,
Oˆ = 〈Oˆ〉s + δOˆ with 〈δOˆ†δOˆ〉s/〈Oˆ†Oˆ〉s  1 (Oˆ = aˆ, bˆ).
In this way, a set of nonlinear algebraic equations for the
mean-field values and another set of linear ordinary dif-
ferential equations for the quantum fluctuations will be
obtained. However, a remark on the validity of the lin-
earization approximation adopted for the system under
consideration is in order. In the standard optomechan-
ical systems where the nonlinearity is only due to the
radiation pressure coupling, the linearization approxima-
tion is reliable if the cavity is intensely driven so that
the intracavity field is strong [56]. Nevertheless, the va-
lidity of this approximation in the present optomechan-
ical system in which there exist two additional types of
4nonlinearity (parametric amplification and Duffing non-
linearities) should be reexamined. This will be detailed
in the following.
A. The mean-field solutions and their stability
Under the mean-field approximation [57], i.e., 〈aˆ†aˆ〉 ≈
〈aˆ†〉〈aˆ〉 and 〈aˆbˆ〉 ≈ 〈aˆ〉〈bˆ〉, which is applicable when the
coupling between the cavity and mechanical modes is
weak, the mean-value equations read as
〈 ˙ˆa〉 = −i∆〈aˆ〉+ ig〈aˆ〉〈bˆ+ bˆ†〉+ 2G0eiθ〈aˆ†〉+ ε− κc 〈aˆ〉,
(4a)
〈 ˙ˆb〉 = −iωm〈bˆ〉 − 2iλ〈(bˆ+ bˆ†)3〉+ ig〈aˆ†〉〈aˆ〉 − γm 〈bˆ〉.
(4b)
To evaluae 〈(bˆ+ bˆ†)3〉 in Eq. (4b), we write the cubic term
(bˆ+ bˆ†)3 as [58]
(bˆ+ bˆ†)3 =: (bˆ+ bˆ†)3 : + 3 (bˆ+ bˆ†), (5)
in which the symbol : : refers to normal ordering. Fur-
thermore, in semiclassical approximation we can write
〈: (bˆ + bˆ†)3 :〉 = 〈(bˆ + bˆ†)〉3. Assuming γm  ωm, κc, λ,
the steady- state solutions of Eqs. (4a) and (4b) read as
follows
〈aˆ〉s = (κc − i∆
′)ε+ 2G0eiθε∗
∆′2 + κ2c − 4G20
, (6a)
16λ〈bˆ〉3s + (ωm + 12λ)〈bˆ〉s − g〈aˆ†〉s〈aˆ〉s = 0, (6b)
where ∆′ = ∆ − 2g〈bˆ〉s is the effective detuning of the
cavity which includes the effects of the nonlinearities of
the system. Without loss of generality, 〈aˆ〉s can be taken
real and positive by an appropriate choice of the phase
of ε so that,
〈aˆ〉s = |ε|√
(∆′ − 2G0 sin θ)2 + (κc − 2G0 cos θ)2
. (7)
In the absence of both the Duffing anharmonicity and
gain nonlinearity (λ, G0 = 0), the steady-state mean
number of intracavity photons determined by Ia =
|〈aˆ〉s|2 = |ε|
2
∆′2+κ2c
, satisfies a third-order equation with
three real solutions at most two of which are dynami-
cally stable [32]. However, when G0 is comparable to κc,
Ia obeys a fifth-order equation that can have at most five
real roots, three of which are dynamically stable [59]. The
existence of multistability in the behavior of the system
depends on the input laser power Pin, bare detuning ∆,
steady-state mechanical oscillation amplitude βs = 〈bˆ〉s
(and therefore the intensity of the intracavity field), and
their corresponding critical values. For the system under
consideration, with the assumption 0 ≤ λ/ωm  1, the
critical values are given by (see the Appendix for details)
βcrits = k¯
(
1 + 64k¯2
λ
ωm
+ 256k¯2
λ2
ω2m
(16k¯2 − 1)
)1/2
, (8a)
∆crit = 2G0 sin θ + 4gk¯
(
1 + 16k¯2
λ
ωm
+ 192k¯2
λ2
ω2m
(4k¯2 − 1)
)
, (8b)
P critin =
4h¯g k¯3 ωLωm
κc
(
1 + 12
λ
ωm
(1 + 4k¯2)
+ 3072 k¯4
λ2
ω2m
)
, (8c)
where k¯ = |(κc − 2G0 cos θ)/2g| is a measure of the
strength of the single-photon optomechanical coupling
and can be controlled via the properties of the nolin-
ear gain medium. The system enters the multistability
region whenever the conditions βs > β
crit
s , ∆ > ∆
crit,
and Pin > P
crit
in are fulfilled simultaneously. In the ab-
sence of the mechanical anharmonicity (λ = 0), Eq. (7)
together with critical values given by Eqs. (8a-8c) clearly
show that the OPA plays an essential role in driving the
system into or removing it from the multistable region
by changing the critical quantities of the system. For
cos θ > 0 and 2G0 < κc/ cos θ, the OPA simultaneously
reduces the critical power and increases the intracavity
intensity, causing the system to approach the multistable
region. On the other hand, for cos θ < 0 and an arbi-
trary value of the nonlinear gain G0, due to increasing
the critical power and reducing the intracavity field, the
OPA prevents the appearance of the multistability.
Now, we consider the general case with nonzero (and
positive) Duffing nonlinearity strength λ. In such a case,
as can be seen in Eqs. (8a-8c), the non-zero value of
the Duffing nonlinearity results in the appearance of the
higher powers of k¯ which have important contributions
when k¯ is sufficiently large. Therefore, the Duffing non-
linearity together with k¯  1 lead to an increase in the
critical values of the system. In order to investigate the
effect of the Duffing nonlinearity on the steady-state in-
tracavity intensity, Ia, and the mechanical oscillation am-
plitude, βs, in Fig. 2 we have plotted these two quanti-
ties versus the normalized bare cavity detuning ∆/ωm
for a bare cavity (G0 = 0). As is seen, in the presence of
the Duffing nonlinearity the mechanical oscillation ampli-
tude is suppressed significantly (Fig. 2(a)), while the res-
onance frequency of the cavity is only a little bit shifted
to the lower values (Fig. 2(b)). Figure 3 illustrates the
impact of the Duffing anharmonicity on the behaviors
of the steady-state values Ia and βs as functions of the
bare detuning ∆/ωm when G0 = 0.3κc and θ = pi/8. As
can be seen, the mechanical anharmonicity causes the
width of the multi- solution region to be significantly
reduced, while the effect of the nonlinear gain medium
manifests itself in pushing the steady-state values Ia and
βs to the multi- solution region. Also, it is clear that
with increasing the Duffing parameter λ the mechanical
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FIG. 2. (a) Steady-state mechanical oscillation amplitude and
(b) steady-state intracavity intensity versus the normalized
bare detuning ∆/ωm for a bare cavity (G0 = 0) and for differ-
ent values of the Duffing nonlinearity strength. Here, we have
used the following set of experimentally realizable parameters
[60–63]: Length of cavity L = 1 mm, driving laser wavelength
λL = 512 nm, input laser power Pin = 3 mW, cavity finesse
F = 1.67 ∗ 104 (corresponding to κc ≈ 0.9ωm), effective mass
m = 5 ng, mechanical resonance frequency ωm
2pi
= 5 MHz, and
mechanical quality factor Qm = 10
5. In this figure and the
subsequent figures in this section the unstable steady-state
solutions are represented by dashed lines. The stability condi-
tions can be derived by applying the Routh-Hurwitz criterion
(see Eq. (15)).
oscillation amplitude is suppressed (Fig. 3(a)), while the
maximum available value of the intracavity intensity does
not change (Fig. 3(b)). However, the nonlinear gain, G0,
and the phase of the field driving the OPA, θ, can be
used to control and manipulate the optical and mechani-
cal bistability behaviors in the system. Figure 4(a) shows
the steady-state mechanical oscillation amplitude versus
the input power Pin for different values of the phase θ
with G0 = 0.3κc and λ = 10
−4ωm. In Fig. 4(b) the
steady-state mechanical oscillation amplitude is plotted
as a function of the input laser power Pin and nonlinear
gain G0 with θ = 5pi/3 and λ = 10
−4ωm. In these figures
we choose the bare detuning ∆ to be equal to its critical
value, ∆ = 0.7998ωm. In addition, the threshold value of
the input laser power to observe multi- solution region in
the absence of the OPA (8.116mW) has been shown. As
can be seen, in the presence of the OPA the critical value
of the input laser power to observe bistable behavior as
well as the width of the multistability region denpends on
the values of θ and G0. In addition, by adjusting θ and
λ = 10 - 8 ωm
λ = 10 - 4 ωm
(a)
λ = 10 - 6 ωm
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FIG. 3. (a) Steady-state mechanical oscillation amplitude and
(b) steady-state intracavity intensity versus the normalized
bare detuning ∆/ωm in the presence of the gain nonlinearity
for ωm/2pi = 2MHz, κc = 0.2ωm, G0 = 0.3κc, θ = pi/8,
and Pin = 3mW. Other parameters are the same as those in
Fig. 2.
G0, the OPA can be used to control the suppression of
the steady-state mechanical oscillation amplitude caused
by the Duffing anharmonicity.
To sum up this subsection, we have found that the
presence of the OPA and Duffing-like anharmonicity of
the mechanical mode in an optomechanical cavity can
greatly alter the critical quantities of the system to
observe optical and mechanical multistabilities. The
Duffing-type of mechanical nonlinearity in the system
causes the steady-state mechanical oscillation amplitude
to be suppressed but does not affect the steady-state
mean number of the intracavity photons. Therefore, the
conventional linearization procedure for the cavity-field
operators can be safely done but the validity of the lin-
earization approximation for the operators of the me-
chanical mode imposes a new assumption on the sys-
tem parameters which will be explained in the follow-
ing. Moreover, the nonlinear gain medium can be used
to control and manipulate the multistable behavior of the
system as well as the magnitude of the steady-state op-
tical and mechanical amplitudes. This is an advantage
to produce strong steady-state mechanical squeezing in
the system under consideration with a fixed input laser
power.
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FIG. 4. Steady-state mechanical oscillation amplitude versus
the input power Pin at ∆ ≈ ∆crit = 0.7998ωm with λ =
10−4ωm for (a) G0 = 0.3κc and different values of the phase
θ, and for (b) θ = 5pi/3 and different values of the nonlinear
gain G0. Other parameters are the same as those in Fig. 3.
The critical value of the input laser power for the appearance
of the mechanical multistability in the absence of the gain
nonlinearity (G0 = 0) has also been shown.
B. Small fluctuations dynamics
Having discussed the mean-field solutions, we now pro-
ceed to examine the fluctuations dynamics. The lin-
earized quantum Langevin equations for the fluctuation
operators read as
δ ˙ˆa = −i∆′δaˆ+ i G¯
2
(δbˆ+ δbˆ†)
+ 2G0e
iθδaˆ† − κc δaˆ+
√
2κc aˆin, (9a)
δ
˙ˆ
b = −i(ωm + 2Λ)δbˆ+ i G¯
2
(δaˆ+ δaˆ†)
− 2iΛδbˆ† − γm δbˆ +
√
2γm bˆin, (9b)
where Λ = 3λ(1 + 4β2s ) and G¯ = 2gαs with αs =
〈aˆ〉s are the enhanced Duffing parameter and the coher-
ent intracavity-field-enhanced optomechanical coupling
strength, respectively. It is worth to mention that in
the linearization of Eq. (2b) we have conidered βs  1
and λβs  Λ, G¯ so that the Duffing nonlinear term can
be approximately written as
λ(bˆ+ bˆ†)3 = λ
[
8β3s + 6βs + 3(1 + 4β
2
s )(δbˆ+ δbˆ
†)
+ : (δbˆ+ δbˆ†)3 : + 6βs : (δbˆ+ δbˆ†)2 :
]
≈ λ
[
8β3s + 6βs + 3(1 + 4β
2
s )(δbˆ+ δbˆ
†)
]
. (10)
Moreover, as already shown in the previous subsection,
the presence of the Duffing nonlinearity results in a low-
ering of the mechanical oscillation amplitude. Therefore,
the fulfillment of the conditions βs  1 and λβs  Λ, G¯
must be carefully checked for each set of parameters used
in numerical calculations.
Equation (9b) shows that in the linear approxima-
tion the Duffing nonlinearity leads to the frequency shift
as well as parametric amplification of the mechanical
mode. For a bare optomechanical cavity (G0 = 0) it has
been shown theoretically [45] that the joint effect of this
nonlinearity-induced parametric amplification and cavity
cooling can result in a strong mechanical squeezing which
is robust against thermal fluctuations of the mechanical
mode. To simplify the subsequent calculations, we apply
the unitary transformation Sˆ(r) = exp[ r2 (δbˆ
2 − δbˆ†2)],
which is the single-mode squeezing operator with the
squeezing parameter r = 14 ln[1 +
4Λ
ωm
], to Eqs. (9a) and
(9b). Under this transformation,
Sˆ(r)δbˆSˆ†(r) = cosh(r)δbˆ− sinh(r)δbˆ†, (11a)
Sˆ(r)δbˆ†Sˆ†(r) = cosh(r)δbˆ† − sinh(r)δbˆ, (11b)
and thus the linearized quantum Langevin equations for
the fluctuations are transformed to
δ˙aˆ = −i∆′δaˆ+ i G¯
′
2
(δbˆ+ δbˆ†) + 2G0eiθδaˆ†
− κc δaˆ+
√
2κc aˆin, (12a)
˙
δbˆ = −iΩmδbˆ+ i G¯
′
2
(δaˆ+ δaˆ†)
− γm δbˆ +
√
2γm b˜in, (12b)
where Ωm = e
2rωm is the transformed effective me-
chanical frequency, G¯′ = e−r G¯ is the transformed ef-
fective optomechanical coupling, and
ˆ˜
bin = cosh(r) bˆin +
sinh(r) bˆ†in is the input thermal noise of the mechanical
mode in the new rotating frame.
By defining the cavity-field quadratures fluctuations as
δxˆ = δaˆ+δaˆ
†√
2
and δyˆ = δaˆ−δaˆ
†√
2i
, and also the mechanical
quadratures fluctuations as δqˆ = δbˆ+δbˆ
†√
2
and δpˆ = δbˆ−δbˆ
†√
2i
the equations of motion (9a) and (9b) can be written in
the compact matrix form
δ ˙ˆu(t) = A.δuˆ(t) + δnˆ(t), (13)
where δuˆ(t) = (δxˆ, δyˆ, δqˆ, δpˆ)T is the vector of
continuous-variable fluctuation operators and δnˆ(t) =
7(
√
2κc δxˆin,
√
2κc δyˆin,
√
2γm δqˆin,
√
2γm δpˆin)
T is the
corresponding vector of noises in which δxˆin =
aˆin+aˆ
†
in√
2
and δyˆin =
aˆin−aˆ†in√
2i
denote the input noise quadratures of
the optical field, and δqˆin=
ˆ˜
bin +
ˆ˜
b†in√
2
and δpˆin =
ˆ˜
bin − ˆ˜b†in√
2i
refer to the input noise quadratures of the mechanical
mode of the moving mirror. Moreover, the 4 4 matrix
A is the drift matrix given by
A =
−(κc − κp) ∆
′ + ∆p 0 0
−(∆′ −∆p) −(κc + κp) G¯′ 0
0 0 −γm Ωm
G¯′ 0 −Ωm −γm
 , (14)
in which ∆p = 2G0 sin θ and κp = 2G0 cos θ.
The stationary properties of the system fluctuations
can be explored by considering the steady-state condition
governed by Eq. (13). The steady state associated with
Eq. (13) is reached when the system is stable, which oc-
curs if and only if all the eigenvalues of the drift matrixA
have negative real parts. These stability conditions can
be obtained by using the RouthHurwitz criterion [64],
which results in the following independent conditions on
the system parameters:
s1 = γm{(2κc + γm)2 + e4rω2m}
+ κc
(
∆′2 + κ2c − 4G20
)
> 0, (15a)
s2 = (∆
′2 + κ2c − 4G20)(e4rω2m + γ2m)
− ωm(∆′ + ∆p)G¯2 > 0, (15b)
s3 = γmκc
{
(∆′2 + κ2c − 4G20 − e4rω2m + γm(γm + 2κc))2
+ 4γmκc(γm + κc)
2e4rω2m
}
+ (γm + κc)
2ωm(∆
′ + ∆p)G¯2 > 0, (15c)
The first condition is satisfied if we require that (∆′2 +
κ2c − 4G20) > 0 which is always satisfied for a bare
cavity (G0 = 0) and gives the threshold condition for
parametric oscillation. The violation of the second con-
dition (s2 < 0) leads to the instability in the region
(∆′ + ∆p) > 0. Also, for a bare optomechanical cav-
ity this condition results in a bistability in the system.
Since the expression in the brackets in Eq. (15c) is always
positive, the violation of the third condition (s3 < 0) im-
plies that we have (∆′ + ∆p) < 0. For a bare cavity
this condition causes the instability in the domain of the
blue- detuned laser. In the following, we assume that
(∆′ + ∆p) > 0, so the stability of the system is deter-
mined only by s1 and s2.
III. MECHANICAL GROUND-STATE
COOLING AND QUADRATURE SQUEEZING
In this section we are going to investigate how the me-
chanical anharmonicity and the gain nonlinearity affect
the ground-state cooling as well as the quadrature squeez-
ing of the movable mirror. For this purpose, we need to
obtain the mean square of fluctuations of the mechani-
cal quadratures. To this end, we write Eq. (13) in the
Fourier space by using
δOˆ(t) =
1
2pi
∫ ∞
−∞
dω e−iω tδ ˆ˜O(ω), (16)
and solve it in the frequency domain to obtain the fol-
lowing expressions for the quantum fluctuations of the
movable mirror in the transformed frame
δ ˆ˜q(ω) = A1(ω)δ ˆ˜xin(ω) +A2(ω)δ ˆ˜yin(ω)
+A3(ω)δ ˆ˜qin(ω) +A4(ω)δ ˆ˜pin(ω), (17a)
δ ˆ˜p(ω) = B1(ω)δ ˆ˜xin(ω) +B2(ω)δ ˆ˜yin(ω)
+B3(ω)δ ˆ˜qin(ω) +B4(ω)δ ˆ˜pin(ω), (17b)
where
A1(ω) =
√
2κc
d(ω)
erG¯ωm(κc − iω + ∆p), (18a)
A2(ω) =
√
2κc
d(ω)
erG¯ωm(∆
′ + ∆p), (18b)
A3(ω) =
√
2γm
d(ω)
(γm − iω)(∆′2 + (κc − iω)2 − 4G20),
(18c)
A4(ω) =
e2rωm
(γm − iω)A3(ω), (18d)
B1(ω) =
1
d(ω)
γm − iω
e2rωm
A1, (18e)
B2(ω) =
√
2κc
d(ω)
e−rG¯(γm − iω)(∆′ + ∆p), (18f)
B3(ω) =
√
2γm
d(ω)
(
e−2rG¯2(∆′ + ∆p)
− e2rωm(∆′2 + (κc − iω)2 − 4G20)
)
, (18g)
B4(ω) = A3(ω), (18h)
with
d(ω) = (∆′2 + (κc − iω)2 − 4G20)χ−1m (ω)
− ωmG¯2(∆′ + ∆p), (19a)
χ−1m (ω) = γ
2
m − 2iγmω − ω2 + e4rω2m. (19b)
Furthermore, the input noise quadratures of the optical
and mechanical modes satisfy the following correlation
functions in the frequency domain:
〈δ ˆ˜xin(ω)δ ˆ˜xin(Ω)〉 = 〈δ ˆ˜yin(ω)δ ˆ˜yin(Ω)〉 = piδ(ω + Ω) (20a)
〈δ ˆ˜xin(ω)δ ˆ˜yin(Ω)〉 = i piδ(ω + Ω) (20b)
〈δ ˆ˜qin(ω)δ ˆ˜qin(Ω)〉 = pi e2r(1 + 2n¯m)δ(ω + Ω) (20c)
〈δ ˆ˜pin(ω)δ ˆ˜pin(Ω)〉 = pi e−2r(1 + 2n¯m)δ(ω + Ω) (20d)
〈δ ˆ˜qin(ω)δ ˆ˜pin(Ω)〉 = i piδ(ω + Ω) (20e)
8In each of Eqs. (17a) and (17b), the first two terms arise
from the radiation pressure while the other two terms
originate from the mechanical thermal noise. The mean
square of fluctuations are determined by
〈(δOˆ(t))2〉 = 1
2pi
∫ ∞
−∞
dω SO(ω), (O = q, p), (21)
in which SO(ω) is the symmetrized spectrum of fluctua-
tion in operator Oˆ and is defined by [65]
SO(ω) =
1
4pi
∫ ∞
−∞
dΩ e−i(ω+Ω)t〈δOˆ(ω)δOˆ(Ω)
+ δOˆ(Ω)δOˆ(ω)〉, (O = q, p). (22)
To examine the mechanical ground-state cooling, we
consider the effective steady-state mean phonon number
of the mechanical mode in the original (untransformed)
frame which is defined as neff = [〈(δqˆ)2〉+ 〈(δpˆ)2〉 − 1]/2
(corresponding to an effective mode temperature Teff =
h¯ωm/[kB ln(1 + 1/neff)]). The ground-state cooling is
achieved whenever neff ' 0 which occurs if 〈(δqˆ)2〉 '
〈(δpˆ)2〉 ' 1/2 in steady state.
To explore the impacts of the mechanical and optical
nonlinearities on the squeezing of the position and mo-
mentum quadratures of the movable mirror we consider
the degree of squeezing which in the dB (decibel) unit can
be calculated by [34] DO = −10 log10 〈(δOˆ)
2〉
〈(δOˆ)2〉vac , (Oˆ = qˆ, pˆ)
with 〈(δOˆ)2〉vac = 1/2 as the quantum-vacuum fluctua-
tion. Whenever, DO > 0, the corresponding mechanical
quadrature is a squeezed one.
The steady-state variances of the mechanical quadra-
ture fluctuations in the original (untransformed) frame
can be obtained as 〈(δqˆ)2〉 = e−2r(n′eff + 12 ) and 〈(δpˆ)2〉 =
e2r(n′eff +
1
2
) where n′eff is the transformed steady-state
phonon number. To get a strong mechanical squeezing
n′eff must be small as far as possible, which means that the
mechanical motion in the rotated frame must be cooled
down. The best cooling in the transformed system and
so the strongest mechanical squeezing is occured at the
optimal detuning ∆′ ≈ Ωm [45]. Also, it is worth to
stress that to establish the validity of the linearization
procedure in the Duffing term, we must solve Eqs. (6a)
and (6b) numerically and determine the range of the de-
sired variable (bare detuning or Duffing parameter) over
which the assumption βs  1 holds (in fact, we consider
βs ≥ 40).
Although the explicit forms of the momentum and po-
sition variances are too complicated to be treated an-
alytically we can obtain the following approximate ex-
pressions for them in the limit of large mechanical qual-
ity factor (Qm  1) and low-temperature environment
(κc  γmn¯m) in the original (untransformed) frame:
〈(δqˆ)2〉 = ωm
4(∆′ + ∆p)
+
e−4r{(∆′ + ∆p)2 + (κc + κp)2}
4η ωm (∆′ + ∆p)
, (23a)
〈(δpˆ)2〉 = e
2r
2
+
(∆′ + ∆p − ωm e2r)2 + (κc + κp)2
4ωm (∆′ + ∆p)
, (23b)
where η is the so-called “bistability parameter” [65] and
is defined by
η = 1− G¯
2(∆′ + ∆p)
ωm e4r(∆′2 + κ2c − 4G20)
. (24)
The first point that can be inferred from Eqs. (23a)
and (23b) is that for ∆′+∆p > 0 there is no squeezing in
the momentum fluctuation of the movable mirror. It is
easy to verify this claim by setting the value of ∆′ + ∆p
to ωm e
2r and the value of κc to −κp (for pi/2 < θ <
3pi/2). With these choices and for η ' 1, Eqs. (23a) and
(23b) are reduced to 〈(δqˆ)2〉 = e−2r2 and 〈(δpˆ)2〉 = e
2r
2 ,
respectively. Thus for ∆′ + ∆p > 0, in the absence of
the Duffing anharmonicity (r = 0) there is no squeezing
in the mechanical quadratures fluctuations. Also, since r
is a function of the input laser power Pin and properties
of the optical parametric nonlinearity, then the position
quadrature squeezing created by the Duffing nonlinearity
can be controlled by Pin, G0, and θ.
Another important point is the presence of the factor
e−4r/η in Eq. (23a). According to Eq. (24), with increas-
ing the input laser power the value of η differs from 1.
For η < 1, the existence of factor e−4r/η leads to a signif-
icant difference between the minimum available number
of phonons in our system and in its harmonic counter-
part.
For r = 0, Eqs. (23) and (24) are the same as those
reported in Ref. [32]. As the authors have discussed in
this reference, for η ' 1 the steady-state mean phonon
number tends to it minimum value at ∆′opt = −∆p +√
ω2m + (κc + κp)2. To get a preliminary insight into the
effect of the squeezing parameter r (and so the Duffing
anharmonicity parameter) on this minimum attainable
value, by assuming ∆′ = ∆′opt as well as using exponen-
tial expansion for e2r and e−4r in Eq. (23), we can acquire
the steady-state mean phonon number neff for η ' 1 as
follows
neff = −1
2
+
1
2
√
1 + (
κc + κp
ωm
)2
(
1 + 4r2 +
16
3
r4 + · · ·
)
− (κc + κp
ωm
)2
1√
1 + (
κc+κp
ωm
)2
(
r +
8
3
r3 +
32
15
r5 + · · ·
)
.
(25)
If r  1, neglecting the terms higher than the second
order of r leads to an expression for neff which can be
minimized with respect to the squeezing parameter r. In
this way, the optimum value of r reads
ropt =
1
4
(κc + κp)
2
(κc + κp)2 + ω2m
, (26)
and the minimum attainable value of neff can be obtained
9as follows
neff,min =
1
2
(
− 1 +
√
1 +
(κc + κp)2
ω2m
)
− 1
8
( (κc + κp)4
ω4m
1
(1 +
(κc+κp)2
ω2m
)3/2
)
. (27)
From the above equation, it is clear that the presence of
the Duffing anharmonicity can lead to a decrease in the
minimum attainable number of phonons, which is depen-
dent on (κc+κp)/ωm. In addition, according to Eq. (26)
the optimum value of the squeezing parameter ropt, which
depends on the ratio (κc+κp)/ωm, is controllable by the
properties of the nolinear gain medium.
In the general case, the effect of the temperature,
η 6= 1 as well as arbitrary values of r must be taken
into account, so we can not obtain the explicit analyt-
ical relation for the minimum value of the steady-state
mean phonon number and inevitably we must examine
the problem numerically. To investigate the effect of the
mechanical anharmonicity on the effective mode temper-
ature and the degree of the mechanical squeezing, we first
examine its impact on the mean square of the momentum
and displacement quadratures fluctuations of the mov-
able mirror. In Fig. 5 we have plotted the steady-state
mean square of these quadratures against the normalized
bare detuning ∆/ωm for a bare cavity and for different
values of the mechanical nonlinearity parameter λ. As
can be seen from Fig. 5(a), the mechanical Duffing anhar-
monicity can lead to the position squeezing of the mirror
(〈(δqˆ)2〉 < 1/2); the larger the Duffing anharmonicity pa-
rameter is, the stronger the position quadrature squeez-
ing is. In contrast, as is shown in Fig. 5(b), there is no
squeezing in the momentum fluctuation of the movable
mirror and the momentum variance increases as the Duff-
ing parameter increases. In Fig. 6 we have plotted the
effective mode temperature Teff versus the normalized
bare detuning ∆/ωm for different values of the Duffing
anharmonicity strength λ. From this figure, it can be
found that for some nonzero values of the Duffing pa-
rameter the mechanical anharmonicity can result in the
reduction of the minimum attainable value of the effec-
tive temperature of the moving mirror. In fact, there is
a certain range of λ, which we refer to it as a mechanical
cooling window, over which the mechanical anharmonic-
ity leads to the reduction of the the effective mode tem-
perature. Also, there is an optimum value of λ, denoted
by λopt corresponding to ropt, for which the mechanical
anharmonicity has the greatest impact on the reduction
of the steady-state mean phonon number. To justify this
claim, in Fig. 7 we have plotted the effective temperature
of the mechanical mode Teff versus the normalized Duff-
ing anharmonicity strength λ/ωm for different values of
the input laser power. In addition, from this figure it is
evident that with increasing Pin (which leads to η < 1)
the optimum value λopt shifts toward smaller values and
the difference between the temperature associated with
λopt and those corresponding to the values of λ outside
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FIG. 5. The steady-state variances of (a) the displacement
quadrature fluctuation and (b) the momentum quadrature
fluctuation of the moving mirror versus the normalized bare
detuning ∆/ωm for a bare cavity (G0 = 0) with ωm/2pi =
10MHz, Qm = 10
6, κc = 0.3ωm, λL = 1064 nm, Pin = 3mW
and T = 25 mK. Other parameters are the same as those in
Fig. 4.
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FIG. 6. The effective temperature of the mechanical mode
Teff versus the normalized bare detuning ∆/ωm in a bare
cavity (G0 = 0) for κc = 0.3ωm, Pin = 3mW, and different
values of the mechanical Duffing anharmonicity strength λ.
Other parameters are the same as those in Fig. 5.
the cooling window including λ = 0 becomes consider-
able. This temperature difference is due to the presence
of the factor e−4r/η, which we mentioned before.
As we found from Fig. 5(a), with increasing the
strength of the mechanical nonlinearity the squeezing
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FIG. 7. The effective temperature of the mechanical mode
Teff versus the normalized Duffing anharmonicity strength
λ/ωm for a bare cavity (G0 = 0) with different values of the in-
put laser power: Pin = 3 mW (thick green line), Pin = 5 mW
(thin magenta line), Pin = 8 mW (dashed blue line), Pin =
12 mW (dot dashed red line). The inset figure represents the
variation of the stability parameter η with the normalized
Duffing anharmonicity strength λ/ωm and the same different
values of Pin. In this figure we have set κc = 0.3ωm and
∆′ = Ωm in which Ωm has been defined just after Eq. (12).
Other parameters are the same as those in Fig. 6.
of the displacement quadrature fluctuation of the mov-
able mirror increases. Another parameter that can affect
the degree of the mechanical squeezing is the input laser
power. In Fig. 8, we have plotted the steady-state degree
of the mechanical squeezing Dq as a function of the nor-
malized Duffing anharmonicity strength λ/ωm for differ-
ent values of the input laser power Pin when G0 = 0. The
figure clearly shows that with increasing the input laser
power not only the mechanical squeezing starts to be ap-
peared at smaller values of λ, but also the standard 50%
squeezing (≡ 3 dB) limit [66] can be beaten more strongly
allowing more perfect mechanical squeezing. Numerical
results show that at the onset of the mechanical squeezing
the enhanced Duffing parameter Λ approximately equals
to the enhanced optomechanical coupling strength G¯. In
addition, comparison of Figs. 7 and 8 reveals that the
larger the generated squeezing is, the heater the mechan-
ical motion is.
It should be noted that the maximum value of the degree
of the mechanical squeezing occurs when ∆′ ≈ Ωm is es-
tablished. Therefore, Fig. 8 actually shows the variation
of the maximum value of Dq with the normalized Duffing
anharmonicity strength λ/ωm.
Until now, we have investigated the effects of the Duff-
ing nonlinearity on the ground-state cooling and quadra-
ture squeezing of the mechanical mode in the absence
of the OPA. Now, we focus our attention on the role
of the OPA in the cooling and quadrature squeezing of
the Duffing-like mechanical oscillator. In Fig. 9 we have
plotted the effective temperature of the vibrational mode
of the moving mirror, Teff, versus the normalized Duffing
anharmonicity strength λ/ωm for G0 = 0.3κc and various
Pin = 3 mW
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FIG. 8. The steady-state degree of the mechanical squeezing
Dq in the dB unit versus the normalized Duffing anharmonic-
ity strength λ/ωm in a bare cavity (G0 = 0) for κc = 0.3ωm
and different values of the input laser power Pin. The dotted
line corresponds to the steady-state mechanical squeezing at
the standard quantum limit of 3 dB. In this figure we have
set ∆′ = Ωm and other parameters are the same as those in
Fig. 7.
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FIG. 9. The effective temperature Teff versus the normalized
Duffing anharmonicity strength λ/ωm for different values of
the phase θ when Pin = 3 mW, κc = 0.3ωm, and G0 = 0.3κc.
In this figure we have set ∆′ = Ωm and other parameters are
the same as those in Fig. 8. For comparison purpose, we have
shown Teff for G0 = 0.
values of the parametric phase θ in the good-cavity limit.
From this figure it is clear that depending on the value
of θ, the OPA can manifest itself by narrowing or broad-
ening the width of the cooling window, that is the range
of λ over which the mechanical anharmonicity can be ex-
ploited to cool-down the mechanical motion. Moreover,
by proper choice of the phase θ, it may be possible to re-
duce considerably the minimum attainable value of Teff.
Figures 10(a) and 10(b) show the variation of the effective
temperature Teff with ∆/ωm and properties of the nonlin-
ear gain medium (G0, θ) for λ = 0 and λ = 4× 10−9ωm,
respectively. From these figures (except for the thick red
lines) it is clear that, as expected, the presence of the
OPA leads to a decrease in the effective mode tempera-
ture Teff both in the absence and in the presence of the
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FIG. 10. The effective temperature Teff versus the nor-
malized bare detuning ∆/ωm for two different values of
the anharmonicity parameter: (a) λ = 0, (b) λ = 4 ×
10−9ωm; with Pin = 3 mW, and different values of (G0,
θ): (0.3κc,pi) (thin green lines), (0.3κc,1.3pi)(dot dashed blue
lines), (0.6κc,0.71pi)(thick red lines), and G0 = 0(dashed
black lines). In this figure we have set ∆′ = Ωm. Other
parameters are the same as those in Fig. 9.
mechanical nonlinearity. But for non-zero λ, it leads to
less effective temperature. Comparing the thick red lines
in (a) and (b) which are correspond to G0 = 0.6κc and
θ = 0.71pi, it is understood that for some values of (G0,
θ), which result in an increase in the effective tempera-
ture of the harmonic oscillator, the Duffing mechanical
anharmonicity can neutralize and even reverse the effect
of the OPA. In addition, the red line in panel (a) can
be considered as an example that violates Eq. (27) due
to the contribution of the non-zero value of the thermal
phonon number, although the low temperature environ-
ment exists (κ/(γn¯m) ≈ 5821).
Finally, we examine the dependence of the steady-state
degree of the mechanical squeezing Dq on the nonlin-
ear gain G0 and the parametric phase θ. In Fig. 11(a)
we have plotted the degree of the mechanical squeezing
Dq at steady state versus the normalized Duffing anhar-
monicity strength λ/ωm for G0 = κc = 0.3ωm and dif-
ferent values of θ. This figure clearly shows that the
OPA causes the onset of the mechanical squeezing to be
shifted toward larger values of λ and, depending on the
values of θ and λ, the OPA can enhance or weaken the
steady-state mechanical squeezing. As mentioned above,
the starting point of the mechanical squeezing is when
Λ ≈ G¯. The OPA, by changing both Λ and G¯, can alter
the degree of the mechanical squeezing as well as its on-
set. Figure 11(b) shows the steady-state degree of the
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FIG. 11. The steady-state degree of the mechanical squeez-
ing Dq in the dB unit versus the normalized Duffing anhar-
monicity strength λ/ωm with κc = 0.3ωm for (a) G0 = κc and
different values of θ, and (b) θ = 0 and different values of G0:
G0 = 0 (thick blue line), G0 = 0.7κc (dot dashed green line),
G0 = 1.2κc (long- dashed red line), G0 = 1.6κc (double-dot
dashed purple line), G0 = 2.8κc (thin pink line for stable re-
gion and dashed pink line for unstable region). The 3 dB limit
of squeezing has also been shown. Here we have set ∆′ = Ωm
and other parameters are the same as those in Fig. 10. In
panel (a) Dq for G0 = 0 has been plotted for comparison.
mechanical squeezing Dq as a function of the normalized
Duffing anharmonicity strength λ/ωm for various values
of the nonlinear gain G0 with θ = 0. As can be seen,
with increasing the value of G0, the onset of the me-
chanical squeezing happens at larger values of λ and the
degree of squeezing decreases. In Fig. 12, we have plotted
the steady-state degree of the mechanical squeezing Dq
versus the bare cavity detuning ∆/ωm for λ = 10
−4ωm,
θ = pi/2, and different values of G0. As is seen, with in-
creasing G0 the maximum of the degree of the mechanical
squeezing is shifted to higher values of the bare detun-
ing while being amplified, and the range of ∆/ωm over
which the displacement quadrature of the moving mirror
is squeezed beyond the 3 dB limit being wider.
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FIG. 12. The steady-state degree of the mechanical squeez-
ing Dq in the dB unit versus the normalized bare detun-
ing ∆/ωm for different values of G0 with λ = 10
−4ωm,
Pin = 3 mW, κc = 0.3ωm, and θ = pi/2. The figure has
been plotted in a range of ∆/ωm for which βs ≥ 40. The
maximum value of the degree of the mechanical squeezing oc-
curs when ∆′ = Ωm. Other parameters are the same as those
in Fig. 11.
IV. CONCLUSIONS
In conclusion, we have studied theoretically an optome-
chanical cavity with a Duffing-like movable mirror which
contains a degenerate OPA. We have investigated the
multistability in the steady-state mean intracavity pho-
ton number and mechanical oscillation amplitude by pro-
viding analytical expressions for the critical values of the
system parameters corresponding to the emergence of the
multistable behavior. We have also explored the roles of
the Duffing anharmonicity and the gain nonlinearity in
the ground-state cooling of the movable mirror and the
steady-state mechanical squeezing.
We have found that the stiffening Duffing mechani-
cal anharmonicity reduces the width of the multistabil-
ity region by suppressing the mechanical oscillation am-
plitude as well as increasing the critical values of the
system parameters, while the parametric optical nonlin-
earity can be exploited to drive the system toward mul-
tistability region by increasing the mechanical oscillation
amplitude and decreasing the critical values of the sys-
tem parameters. Moreover, we have found that in the ab-
sence of the OPA there is a certain range of the Duffing
anharmonicity strength, the so-called mechanical cool-
ing window, over which the mechanical anharmonicity
leads to the cooling of the mechanical motion. In addi-
tion, as the Duffing mechanical anharmonicity strength
reaches a threshold value the mechanical squeezing be-
yond the 3 dB limit can be achieved. The results reveal
that the effective temperature of the mechanical motion,
the onset of the mechanical squeezing, and the threshold
value of the Duffing mechanical anharmonicity strength
to achieve squeezing exceeding the 3 dB limit depend on
the system parameters such as the input laser power, the
parametric nonlinearity, and the phase of the field driving
the OPA. In particular, we have shown that the Duff-
ing mechanical anharmonicity has significant effect on
the ground-state cooling of the mechanical motion. Fur-
thermore, by choosing properly the parametric phase as
well as the nonlinear gain the mechanical anharmonicity-
induced cooling of the mechanical motion can be greatly
enhanced and the strong steady-state mechanical squeez-
ing beyond the 3 dB limit can be reached.
APPENDIX: CRITICAL VALUES OF THE
SYSTEM PARAMETERS CORRESPONDING TO
THE EMERGENCE OF MULTISTABILITY
In this appendix, we derive the critical values of the
system parameters corresponding to the emergence of the
multistable behavior. To determine the critical power, we
follow here the approach outlined in Ref. [67]. In fact the
critical points correspond to vertical tangencies (infinite
slope) of the response curve (amplitude versus detuning
curve).
Equations (6b) and (7) lead to following fifth-order
equation for the mechanical amplitude:
64g2λβ5s − 64gλ (∆− 2G0 sin θ)β4s + 4
{
g2(ωm + 12λ)
+ 4λ[(κc − 2G0 cos θ)2 + (∆− 2G0 sin θ)2]
}
β3s
− 4g(ωm + 12λ)(∆− 2G0 sin θ)β2s
+ (ωm + 12λ)[(∆− 2G0 sin θ)2 + (κc − 2G0 cos θ)2]βs
− gε2 = 0. (A1)
The first point that can be deduced from Eq. (A1) is that
there is a possibility of multistability in the stationary
response of the mechanical resonator. Using Descartes’s
rule of signs [68], one can count the number of real posi-
tive zeros of Eq. (A1). From Eq. (A1), with the assump-
tion λ > 0, it is clear that the coefficients of β5s , β
3
s and
βs are always positive and − gε2 is always negative. The
coefficients of β4s and β
2
s have the same sign, so if they
have positive values then Eq. (A1) has only one real root
and if they have negative values Eq. (A1) has 5 or 3 or
1 real roots. Here, we are looking for conditions under
which Eq. (A1) has more than one real root.
Since βs is a function of d0 = ∆− 2G0 sin θ, differenti-
ating Eq. (A1) with respect to d0 results in
∂d0βs =
P [d0]
Q[d0]
, (A2)
where
P [d0] =− 2βs (d0 − 2gβs) (ωm + 12λ+ 16λβ2s ), (A3)
Q[d0] =(ωm + 12λ){d20 + (κc − 2G0 cos θ)2
− 8g d0 βs + 12g2β2s}+ 48λ[d20 + (κc − 2G0 cos θ)2]β2s
− 256gλ d0β3s + 320g2λβ4s . (A4)
By equating the denominator of Eq. (A2) to zero and
solving the resultant quadratic equation for ∆ one can
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obtain
∆ = 2G0 sin θ +
128β3sgλ+ 4βsg(ωm + 12λ)±
√
∆quad
12(1 + 4β2s )λ+ ωm
,
(A5)
in which ∆quad defined by
∆quad = R3β
6
s + R2β
4
s + R1β
2
s +R0, (A6)
is the discriminant of the equation Q[d0] = 0 with ∆ as
the variable. In Eq. (A6) Rj ’s are defined as
R3 = 1024g
2λ2, (A7)
R2 = 128λ[g
2(ωm + 12λ)− 18λ(κc − 2G0 cos θ)2], (A8)
R1 = 4(ωm + 12λ)[g
2(ωm + 12λ)
−24λ(κc − 2G0 cos θ)2], (A9)
R0 = −(κc − 2G0 cos θ)2(ωm + 12λ)2. (A10)
Just at the critical point, ∆quad must be zero and in mul-
tistability region we have ∆quad > 0. Therefore we first
determine the roots of the discriminant, namely we solve
equation ∆quad = 0 which is a cubic equation for β
2
s and
its discriminant, denoted by ∆cub, provides information
about roots:
∆cub = (
R1
3R3
− R
2
2
9R23
)3 + (
R0
2R3
− R1R2
6R23
+
R32
27R33
)2. (A11)
In this way, we find that
1. ∆quad = 0 has one real root and two conjugate
imaginary roots and ∆ has one critical value if
∆cub > 0;
2. ∆quad = 0 has three real roots of which at least
two are equal and ∆ has one or two critical values
if ∆cub = 0;
3. ∆quad = 0 has three unequal real roots and ∆ has
three different critical values if ∆cub < 0.
By assuming λ > 0, a straightforward calculation shows
that for our problem we always have ∆cub > 0 and the
only real root of the equation ∆quad = 0 is
βcrits =
[
− R2
3R3
+ 3
√
−( R0
2R3
− R1R2
6R23
+
R32
27R33
) +
√
∆cub
− ( R1
3R3
− R
2
2
9R23
)
1
3
√
−( R0
2R3
− R1R2
6R23
+
R32
27R33
) +
√
∆cub
] 1
2
.
(A12)
Finally, by replacing βs and ∆ in Eq. (A1), respectively,
with βcrits and ∆
crit,
∆crit = 2G0 sin θ +
128βcrit
3
s gλ+ 4β
crit
s g(ωm + 12λ)
12(1 + 4βcrit2s )λ+ ωm
,
(A13)
and solving the resulting equation for Pin we find the
critical value for the input laser power P critin . It should
be noted that in order to enter the multistability region
the conditions βs > β
crit
s , ∆ > ∆
crit and Pin > P
crit
in
must be fulfilled simultaneously.
In the case of harmonic oscillator, we set parameter λ
in Eq. (A1) equal to zero and use the same method as
explained above to obtain the following critical values:
(βcrits )λ=0 =
∣∣∣κc − 2G0 cos θ
2 g
∣∣∣, (A14)
(∆crit)λ=0 = 2G0 sin θ + 4g(β
crit
s )λ=0, (A15)
(P critin )λ=0 =
h¯ωLωm
g κc
(κc − 2G0 cos θ)2 (βcrits )λ=0. (A16)
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